Abstract. In this article we prove that Lie admissible algebras are Volichenko algebras. This shows that the instrinsic definition of Volichenko algebra as suggested by Volichenko ([LS]) is true. We further suggest a definition of a universal enveloping algebra of a Volichenko algebra by first defining a new object called meta-algebra (inspired by meta-abelian algebra). We also define a new kind of tensor product, called the meta-tensor product.
Introduction
In [LS] Leites and Serganova introduced Volichenko algebras which are subalgebras (not necessarily homogeneous) of Lie superalgebras. Further, they classified the simple finite dimensional and vectorial complex epimorphic Volichenko algebras upto a technical assumption of epimorphy, where a Volichenko algebra is said to be epimorphic if its projection to the even part of an ambient Lie superalgebra is surjective. In the same paper they ask several natural questions regarding Volichenko algebras.
The definition of Volichenko algebra as given above is unsatisfactory because it is not intrinsic. Volichenko had suggested an intrinsic definition [LS] : 
(ca). Then A is a Volichenko algebra if and only if
• A is Lie admissible, i.e., A is a Lie algebra with respect to the operation: [a, b] := ab − ba;
• the subalgebra A (JJ) generated by all the Jordan and Jacobi elements belongs to the anticentre of A, that is, ax + xa = 0 for any a ∈ A (JJ) , x ∈ A;
• a(xy) = (ax)y + x(ay) for any a ∈ A (JJ) , x, y ∈ A.
Note that A is a Lie algebra if and only if A (JJ) = {0}. Unfortunately, Volichenko passed away before he could publish his proof to this theorem. In this article we present a proof to Volichenko's theorem and remove redundant conditions. We show that the Lie admissibility of A is sufficient to construct a Lie superalgebra which contains A as a subalgebra. The other two conditions consequently hold true. Our proof closely follow Volichenko's proof for a similar question for metaabelian algebras (associative, unital algebras whose elements satisfy [a, [b, c] ] = 0 where [x, y] := xy − yx). Theorem 3.1.1 proves that the class of Volichenko algebras is the same as the class of Lie admissible algebras. Recall, a Lie admissible algebra is a vector space A along with a (possibily non-associative) bilinear operation * : A × A → A such that the commutator bracket defined by [a, b] = a * b − b * a ∀a, b ∈ A satisfies the Jacobi identity.
Once we have an intrinsic definition of a Volichenko algebra, it is then natural to search for an appropriate notion of its universal enveloping algebra. We have suggested a definition for the same.
Section 2 gives preliminaries and notations. The following, section 3, gives a proof for Volichenko's theorem (3.1.1) and the universal properties of the enveloping Lie superalgebra (3.1.2).
Section 4 gives a definition of a universal enveloping algebra and its construction. A subalgebra (not necessarily homogeneous) of a superalgebra need not be closed under the induced superbracket. We define a meta-algebra to be a subalgebra of a superalgebra that is also closed under the induced superbracket. A meta-algebra is a generalizataion of metaabelian algebra. In this section, we also introduce the notion of meta-tensor algebra of a vector space and a tensor product of meta-algebras.
Much thanks go to D.Leites who suggested these questions and gave us immense support and encouragement. Thanks also to J.N.Iyer, D.Jakelic and M.Messaoudene for useful conversations. Our search for an intrinsic definition of Volichenko algebras led us to Lie admissible algebras. We thank D.N.Verma for showing us the way.
Preliminaries
All the preliminaries are from [LS] .
Notations.
• k denotes a field of characteristic other than 2.
• For any Z 2 -graded object A = A0 ⊕ A1, elements of A0 are called even and elements of A1 are called odd. The parity of a homogeneous element x is denoted by p(x). Throughout this article, k = k0.
• All associative algebras are assumed to be unital unless otherwise mentioned.
Definition 2.0.1.
(
1) A Volichenko algebra is a (not necessarily graded) subspace of a Lie superalgebra closed under the (super)bracket.
(2) Given two Volichenko algebras (A, [., .] ) and (B, [., .] 
3) Let V be a Volichenko algebra, and I a subspace of V . We say that I is a left (respectively, right) 3. Intrinsic definition of a Volichenko algebra 3.1. Meta-abelian algebra and Volichenko algebra. An associative k-algebra M is said to be
Note, any subalgebra, ideal or quotient (not necessarily graded) of a supercommutative superalgebra is meta-abelian. Volichenko showed that any meta-abelian algebra is a (nonhomogeneous) subalgebra of a supercommutative superalgebra, see [LS] . We reformulate his construction to motivate our work here.
For any associative M construct the corresponding Jordan algebra (M (+) , •) where M (+) as a set is the same as M; we write M (+) = {m (+) | m ∈ M}. The addition on M (+) is the same as in M, where as, the new multiplication is m (+) • n (+) = (mn) (+) + (nm) (+) . Note that (M (+) , •) is an associative algebra if and only if M is a meta-abelian algebra.
Thus, given a meta-abelian algebra M, first construct an associative free supercommutative superalgebra F M over generators {x m , y m | m ∈ M} where the generators x m are even and the generators y m are odd. Let I M be the two-sided graded ideal of F M generated by the set
Now M is isomorphic as an algebra to the diagonal subalgebra {x m + y m | m ∈ M} of F M /I M . The supercommutative superalgebra S M = F M /I M is called the supercommutative envelope of meta-abelian algebra M.
To summarize, the following statements are equivalent for an associative k-algebra M:
• The Jordan algebra of M is associative.
• M is a subalgebra of a supercommutative superalgebra.
The immediate question to be addressed then is to produce an intrisic definition of a Volichenko algebra analogous to that of meta-abelian algebra. Let A be a vector space over k with a bilinear operation [., .] defined on A. Define another operation (., (A, (., .) ) is a Lie algebra if and only if (., .) satisfies the Jacobi identity: (a, (b, c)) + (c, (a, b)) + (b, (c, a)) = 0 for a, b, c ∈ A. We say that (A, [., .] ) is Lie admissible if (A, (., .)) is a Lie algebra. Proof. If (A, [., .] ) is a Volichenko algebra, then one can check that (A, (., .)) is Lie algebra.
To prove the reverse implication, assume that (A, (., .)) is a Lie algebra. Let F A denote the free associative superalgebra generated by the set {x v , y v | v ∈ A} where the generators x v are even and the generators y v are odd. Let I A be the two sided graded ideal of F A generated by the set
Denote the quotient associative superalgebra by S A = F A /I A . By abuse of notation, we denote by x v (respectively y v ) the image of x v (respectively y v ) in the quotient.
Note that (S A , {., .}) is a Lie superalgebra where {h, k} = hk − (−1) p(h)p(k) kh for homogeneous elements h, k ∈ S A and the (super)bracket is extended linearly.
Let L A denote the Lie subalgebra of S A generated by {x v , y v | v ∈ A}. We have a natural monomorphism of vector spaces ϕ A : A → L A defined by ϕ A (v) = x v + y v for v ∈ A. The map ϕ A is then a homomorphism of Volichenko algebras. Indeed,
To summarize, the following statements are equivalent for the space (A, [., .] 
):
• (A, [., .] ) is Lie admissible; that is,
where (a,
• (A, (., .)) is a Lie algebra.
• (A, [., .] ) is a Volichenko algebra.
Remark 3.1.1.
( (B, [., .] ) and (C, [., .] ) be Volichenko algebras and ψ 1 : A → B and
]) is a Volichenko algebra and (B, [., .]) = (B, {., .}) is a Lie superalgebra then there exists a unique Lie superalgebra even homomorphismψ
Proof.
(1) The functionψ is defined byψ(x v ) = x ψ(v) ,ψ(y v ) = y ψ(v) on generators; we first extendψ algebraically to S A and then we considerψ as a map of Lie superalgebras. Finally, the required map is restriction ofψ to L A . (2) This follows from the definitions. (3) In case when (B, [., .] ) = (B, {., .}) is a Lie superalgebra, let U(B) denote the associative universal enveloping algebra of B. First defineψ : F A → U(B) byψ(x v ) = (ψ(v))0 and ψ(y v ) = (ψ(v))1 and extend it algebraically. One can check that I A ⊂ Ker(ψ) and thus we get a homomorphism of superalgebras and hence also a homomorphism of Lie superalgebras, This can be confusing because we also have a Lie algebra structure A L with bracket (a, b) = ab−ba.
Consider the space (A, .). The Lie superalgebra (L A , {., .}) gives us an identification of a.b with {x a + y a , x b + y b }. In this case x(a,b) 2 = {x a , x b } and {y a , y b } = y a.b . Now consider the space (A L , (., .) ). The Lie superalgebra (L A L , {., .}) gives us an identification of (a, b) with {x a + y a , x b + y b }. In this case x (a,b) = {x a , x b } and {y a , y b } = 0. We thus see that S A need not be isomorphic to L A L .
Analogously, let (A, 3.3. Volichenko derivations on a meta-abelian algebra. We summarize from [I] the construction of Volichenko derivations on a meta-abelian algebra. Recall that for a supercommutative associative algebra S, a linear homogeneous map ϕ : S → S is said to be a superderivation if
The vector space of all superderivations on S is then a Lie superalgebra.
Given a meta-abelian algebra M, consider the Lie superalgebra SDer(S M ) of superderivations on the supercommutative envelope of M. There exists a natural odd superderivation denoted by d on S M defined by d(x m ) = y m , d(y m ) = 0 for m ∈ M and extend d to be an odd superderivation on S M . The vector space
can be seen to be a Volichenko algebra as d 2 = 0. It can be further seen that for ψ ∈ V Der(M), we have ψ(M) ⊂ M where M is identified with its isomorphic image, the diagonal subalgebra
3.4. Quotient algebra of a Volichenko algebra. An immediate corollary to Volichenko's theorem is the construction of the quotient algebra. If A is a Volichenko algebra and I a two-sided ideal, then A/I along with the induced bracket operation is Lie admissible. Hence A/I is a Volichenko algebra.
3.5. Free Volichenko algebra. In [B] Baranov has described the construction of free Volichenko algebra. We highlight his construction here with a correction of an error (his description of a free Lie superalgebra is inaccurate).
Let I be an indexing set. For each i ∈ I, let x i and y i denote an even element and an odd element respectively. Let X = {x i | i ∈ I}, Y = {y i | i ∈ I} and F (X, Y ) be the free superalgebra with generating set X ∪ Y . Denote by F {.,.} the induced Lie superalgebra. The free Lie superalgebra L(X, Y ) with even generators X and odd generators Y is the Lie sub-superalgebra of F {.,.} generated by the elements X ∪ Y .
The free Volichenko algebra on |I| elements is the Lie subalgebra of L(X, Y ) generated by the elements z i = x i + y i as is proved in Proposition 1.1 of [B] .
4. Universal enveloping algebra of a Volichenko algebra 4.1. The meta-algebra. An associative subalgebra of a superalgebra need not be closed under the induced superbracket if it is not itself Z 2 graded. We present a generalization of a metaabelian algebra.
Definition 4.1.1.
1) A meta-algebra is an associative subalgebra (not necessarily homogeneous), M, of an associative superalgebra B = B0 ⊕ B1 which is closed under the induced superbracket on B. (2) A two-sided ideal I of a meta-algebra M is one which is a two-sided ideal under both the operations. (3) A homomorphism of meta-algebras is a linear map that respects both the multiplication and the superbracket.
Thus, a meta-subalgebra is an associative algebra which is also Volichenko and the two operations are compatible. Graded subalgebras of superalgebras and meta-abelian algebras are meta-algebras. Every associative algebra R is trivially a meta-algebra by giving it the trivial superalgebra structure, R = R0.
Lemma 4.1.1. Let A = A0 ⊕ A1 be an associative superalgebra and let d : A → A be an odd superderivation such that d 2 = 0. Then the set {a + d(a) | a ∈ (A)0} is a meta-algebra.
For example we construct VEnd(V ) for any vector space V . Let V be a vector space over field k. Construct a superspace V s = V0 ⊕ V1 where
subject to the relations αx v + βx w = x αv+βw , αy v + βy w = y αv+βw for α, β ∈ k and v, w ∈ V . We identify V with the subspace 
0} is a meta-algebra. An intrinsic definition of meta-algebra is given. Proof. If M is a meta-algebra, then one can check that operation * is associative on M.
Conversely, suppose M is an associative algebra along with the operation [., .] such that * is associative on M. First construct an associative free superalgebra F M over generators {x m , y m | m ∈ M} where the generators x m are even and the generators y m are odd.
Let I M be the two-sided graded ideal of F M generated by the set
Now M is isomorphic as an algebra to the diagonal subalgebra {x m + y m | m ∈ M} of F M /I M . The superalgebra S M = F M /I M is the superalgebra envelope of meta-algebra M. The superalgebra S M satisfies the following universal property; the proof is similar to that of theorem 3.1.2:
Theorem 4.1.2.
(1) Let M and N be meta-algebras and ψ : M → N be a meta-algebra homomorphism. Then there exists a unique even homomomorphism of superalgebrasψ :
(2) Let M, N and P be meta-algebras and ψ 1 : M → N and ψ 2 : N → P be meta-algebra homomorphisms. Then (ψ 2 ψ 1 ) = (ψ 2ψ1 ) : S M → S P .
(3) (Universal Property) If M is a meta-algebra and N is a superalgebra along with the induced (super)bracket then there exists a unique superalgebra even homomorphismψ
4.2. meta-Tensor product of vector spaces. Given vector space V recall from subsection 4.1 the superspace V s = V0 ⊕ V1 and the identification of V with the set {x v + y v | v ∈ V }. Likewise, given vector space W , consider W s = W0⊕W1, and identify W with the set {x w +y w | w ∈ W }. Associated to these are the linear maps
The meta-tensor product of V and W , denoted by V ⊗ m W , is defined as
Note that y v ⊗ y w ∈ V ⊗ m W but y v ⊗ y w / ∈ V ⊗ W , the usual tensor product. This definition was motivated by the search of an appropriate notion of tensor product of meta-abelian algebras; the usual tensor product does not result in a meta-abelian algebra but the meta-tensor product does ( [I] Given vector spaces V and W , we see that
Likewise, given vector spaces V, U and W
This follows from the isomorphism of superspaces (
For n ∈ Z, n ≥ 1 we denote by T n (V ) the vector space V ⊗ m V ⊗ m · · · ⊗ m V where the tensor is taken n times.
4.3. meta-Tensor algebra over a vector space. Let V be a vector space with the associated V s a superspace. Denote by T (V s ) the tensor algebra of V s . The superalgebra T (V s ) is Z-graded;
where
has a natural linear map defined on it, d V n , or simply d, which is the tensor of d V taken n times. These linear maps together give a linear map d on T (V s ), which is an odd derivation and d 2 = 0. By Lemma 4.1.1 the set
is a meta-algebra. The meta-algebra T(V ) is Z-graded;
where T n (V ) = {0} for n ≤ −1, and T 0 (V ) = k. While T(V ) is an interesting object, it is too large an algebra for our purposes.
Definition 4.3.1. The meta-algebra generated by the set {a
is called the meta-tensor algebra of V and is denoted by mT (V ).
For each n ∈ Z, n ≥ 1, denote the subspace mT (V ) ∩ T n (V ) by mT n (V ). Then the meta-algebra mT (V ) is Z-graded;
mT ( Proof. Given a Volichenko algebra (A, [., .] ), let mT (A) denote the meta-tensor algebra as defined in subsection 4.3. Let I be the two sided ideal of the meta-algebra mT (A) generated by elements of the form
where {., .} denotes the bracket operation on the Volichenko algebra mT (A). Without loss of generality we denote the equivalence class of a + d(a) in (mT (A)/I) by a + d(a) again. We claim that U(A) = mT (A)/I is the required meta-algebra.
Suppose we are given a meta-algebra M and a meta-algebra homomorphism ϕ : A → M. First define ϕ : mT (A) → M by ϕ(x a + y a ) = ϕ(a) for a ∈ A, and extended algebraically respecting both the operations on mT (A). As ϕ is a meta-algebra homomorphism, we have ϕ(I) = 0. In other words, the induced map on the quotient is the requiredφ : U(A) → M. Uniqueness of ϕ follows from the fact that mT (A) is generated by A algebraically.
Remark 4.4.1.
( 
for a, b ∈ A. Thus, the elements of the form y a y b ∈ U(A) while y a / ∈ U(A) where A is seen as a Volichenko algebra. 
. This definition requires that the concerned morphisms be even, whereas in the case of Volichenko algebras the parity is irrelevant.
A more concrete description of U(A) is desirable. Recall from subsection 3.1 the construction of the Lie superalgebra envelope S A = F A /I A for Volichenko algebra (A, [., .] ) along with the Volichenko homomorphism ϕ A : A → L A where L A ⊂ S A . Note that S A is an associative superalgebra. We let N be the meta-algebra in S A generated by ϕ A (A). That is, ϕ A : A → N is a meta-algebra homomorphism.
Proposition 4.4.1. The meta-algebra N is isomorphic to U(A).
Proof. It is enough to prove that the pair (N , ϕ A ) satisfies the universal property of definition 4.4.1. Let M be a meta-algebra and ψ : A → M be a Volichenko homomorphism. As N is generated by A, ψ is uniquely defined by its values on A and extended algebraically using both the operations. 4.5. Graded algebra of the universal enveloping algebra. The superalgebra F A is a Z-graded algebra where degrees of x v and y v are set to be 1 for v ∈ A. This gives us a Z-filtration of the superalgebra S A , which is the universal enveloping algebra of the Lie superalgebra L A in the classical sense. The corresponding graded algebra gr(S A ) is a supercommutative superalgebra.
The meta-algebra N inherits the filtration from S A and the corresponding graded algebra gr(N ) is a subalgebra of gr(S A ). We have thus proved Proposition 4.5.1. The graded algebra of of the universal enveloping algebra of a Volichenko algebra is a meta-abelian algebra.
4.6. Cross product of two Volichenko algebras and its universal enveloping algebra. Let A 1 and A 2 be two Volichenko algebras with L A 1 and L A 2 be their respective universal Lie superalgebra envelopes. Note that A 1 × A 2 is a Volichenko algebra under the usual cross product of the respective bracket operations. By the universal property, theorem 3.1.2, L A 1 × L A 2 is the universal Lie superalgebra envelope of A 1 × A 2 . Further,
where ⊗ denotes the tensor product of superalgebras with the altered multiplication of simple tensors: (a ⊗ b)(r ⊗ s) = (−1) p(b)p(r) ar ⊗ bs. The meta-algebra generated by A 1 × A 2 in (S A 1 ) ⊗ (S A 2 ) is then U(A 1 × A 2 ).
Note that the subspace U(A 1 ) ⊗ U(A 2 ) of S A 1 ⊗S A 2 is not closed under the altered multiplication or the superbracket of the ambient space. For instance, where a = a0 + a1 ∈ U(A 1 ), b = b0 + b1 ∈ U(A 2 ), while a1 / ∈ U(A 1 ) and b1 / ∈ U(A 2 ). This and the definition of tensor product of meta-abelian algebras as defined in [I] (V.Molotkov had earlier defined tensor product of meta-abelian algebras which appeared in [LS] ; Molotkov's definition did not use the superalgebra envelope, while the one in [I] did) motivates the following definition. Proposition 4.6.1 (Universal Property of meta-tensor product). Let M 1 , M 2 and M 3 be three meta-algebras and f : M 1 → M 3 and g : M 2 → M 3 be meta-algebra homomorphisms. Then there exists a unique meta-algebra homomorphism h : M 1 ⊗M 2 → M 3 such that f = h • i 1 and g = h • i 2 .
Corollary 4.6.1. U(A 1 )⊗U(A 2 ) ∼ = U(A 1 × A 2 ) as meta-algebras.
